Abstract. Let L be a finite-dimensional Lie algebra over a field of characteristic p = 0. By a theorem of Jacobson, L has a finite-dimensional faithful completely reducible module. We show that if F is not algebraically closed, then L has an irreducible such module.
Introduction
Let L be a finite-dimensional Lie algebra over the field F of characteristic p > 0. By Jacobson's Theorem, [6, Theorem VI.2] , [7, Theorem 5.5.2] , L has a finitedimensional faithful completely reducible module. We adapt Jacobson's proof to show that if F is not algebraically closed, then L has an irreducible such module. We may replace L with a minimal p-envelope. Thus without loss of generality, we may assume that L is restricted. Further, by [3, Corollary 2 .3], we may assume that the p-operation [p] vanishes on Asoc(L), the abelian socle of L. We note that, by the Artin-Schreier Theorem 1 , (see [4, Theorem3 .1],) our assumption that F is not algebraically closed implies that the algebraic closureF has infinite dimension over F .
Jacobson takes an appropriately selected character c and uses the c-reduced enveloping algebra u(L, c) to obtain for a given element x ∈ L, an irreducible module on which x acts non-trivially. If x is in some minimal ideal K of L, then K is not in the kernel of the representation. For each minimal ideal K, we can clearly construct an irreducible module V K on which K acts non-trivially. We shall choose modules V K such that their tensor product has a composition factor on which all minimal ideals act non-trivially. It is in the making of this choice that we use the assumption that the dimension ofF over F is infinite.
diagonals
Let A 1 , . . . , A r be abelian minimal ideals of L which, as L-modules, are isomorphic with isomorphisms φ i : A 1 → A i , φ 1 = id. For a given A 1 , we choose the A i with r as large as possible subject to their sum being direct. With the A i so chosen, we say that A 1 has multiplicity r in Asoc(L). For any λ 1 , . . . , λ r , not all zero, the set { r i=1 λ i φ i (a) | a ∈ A 1 } is also a minimal ideal and every minimal ideal isomorphic to A 1 has this form. Those with more that one of the λ i non-zero are called diagonals. We shall denote the ideal given by λ = (λ 1 , . . . , λ r ) by A λ . If C is a simple cluster, then we can form the C-reduced enveloping algebra u(L,
p . The C-reduced enveloping algebra u(L, C) is the quotient of U(L) by the ideal generated by {m
(Since all c ∈ C are conjugate, they all give the same polynomial m x (t).) The C-reduced enveloping algebra is finite-dimensional. Any u(L, C)-module is an L-module with cluster C. This construction may be found in Farnsteiner [5] or in Barnes [2] . Lemma 2.1. For any simple cluster C, there exists a finite-dimensional irreducible L-module with cluster C.
Proof. As u(L, C) is a u(L, C)-module, any L-module composition factor of u(L, C)
is an irreducible module with cluster C. Lemma 2.2. Let K be an ideal of L and let V, W be irreducible L-modules. Suppose that K acts non-trivially on V and trivially on W . Then K acts non-trivially on every composition factor of V ⊗ W .
Proof. Regarded as K-module, V ⊗ W is a direct sum of copies of V . Thus any composition factor of V ⊗ W is as K-module, a direct sum of copies of V . Lemma 2.3. There exists an irreducible L-module V 0 on which every abelian minimal ideal acts non-trivially.
Proof. Let A 1 , . . . , A r be abelian minimal ideals of L which are isomorphic with isomorphisms φ i : A 1 → A i , φ 1 = id, chosen as above. Let B 1 be a maximal subspace of A 1 and let a 1 ∈ A 1 , a 1 / ∈ B 1 . Put B i = φ i (B 1 ) and a i = φ i (a 1 ). Let K be a subspace of L complementing Asoc(L). We define a character c 1 by setting c 1 (a 1 ) = 1, c 1 (B 1 ) = 0, c 1 (K) = 0, c 1 (A i ) = 0 for i = 1 and c 1 (A) = 0 for all abelian minimal ideals not isomorphic to A 1 . By Lemma 2.1, there exists an irreducible L-module W 1 with cluster {c 1 }. We proceed similarly to define c i , choosing c i (a i ) not in the field generated by the earlier c j (a j ) and their conjugates, obtaining irreducible modules W i . (This is always possible since the dimension of F over F is infinite.) Let W be a composition factor of ⊗ r i=1 W i . Every character of the tensor product is a sum over i of the c i or a conjugate of c i . Thus the characters of W are all of this form. By our choice of the c i , no non-trivial linear combination of these characters is zero, thus every minimal ideal in A i acts non-trivially on W . The abelian minimal ideals not isomorphic to A 1 all act trivially on W .
We construct such a module W for each of the isomorphism types of abelian minimal ideal and let V be the tensor product of these. Let V 0 be a composition factor of V . The result follows by Lemma 2.2.
The main result
Theorem 3.1. Let L be a finite-dimensional Lie algebra over a field F of characteristic p = 0. Suppose that F is not algebraically closed. Then there exists a finite-dimensional faithful irreducible L-module.
Proof. Let K 1 , . . . , K s be the non-abelian minimal ideals of L. Then K i is an irreducible L-module on which K i acts non-trivially and on which every other minimal ideal acts trivially. We start with V 0 given by Lemma 2.3 and construct inductively irreducible modules V i on which the abelian minimal ideals and the K j for j ≤ i all act non-trivially.
We suppose that we have constructed V i−1 . If K i acts non-trivially on V i−1 , we set V i = V i−1 . If not, then we take for V i any composition factor of V i−1 ⊗ K i . By Lemma 2.2, this satisfies the requirements.
Put V = V s . Then V is a finite-dimensional irreducible L-module on which every minimal ideal of L acts non-trivially. Since the kernel of the representation cannot contain any minimal ideal, the representation is faithful.
Remark 3.2. Even over an algebraically closed field F , there are many algebras for which the argument works. In this case, the φ i are determined up to scalar multiples. For isomorphic A 1 , . . . , A r , we require r linearly independent linear maps c i : A 1 → F . These exist if and only if r ≤ dim(A 1 ). Any algebra where each isomorphism type of abelian minimal ideal satisfies this condition has a faithful irreducible module.
